A general expression is derived for a Fabry-Perot spectrometer when one or more of the functions entering into its description lack the inherent radial symmetry of the fringe pattern about the etalon optical axis. Calculations of the effects of these asymmetric functions applicable to densitometry of photographic fringe records and vidicon scanning of fringe patterns are given. The theory is also applied to interference filters in order to quantitatively explain their behavior as they are tilted in order to scan a spectrum. Rather simple approximations to the theory are also derived for interference filters that show that both the inverse of the peak transmission and the square of the width (normalized to the unbroadened filter) are proportional to the square of the product of the tilt and field of view angles over the width, in excellent agreement with experimental measurements.
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In two earlier reports 1 ' 2 an analytical description of a Fabry-Perot spectrometer was derived, and some of the properties of the spectrometer were described. The description found in these earlier reports retained the inherent circular symmetry of the FabryPerot etalon fringes, and will be called the symmetrical case, and is applicable to the type of spectrometer described by Jacquinot and Dufour, 3 or its variants of spatial scanning, 4 and multichannel spectrometers. 4 5 The case where one or more of the functions employed do not retain the circular symmetry, or asymmetrical case, has found wide practical application, although the behavior of the spectrometer under this condition is not as well understood 6 as it is in the symmetrical case. In this report a description of the asymmetric case, as well as useful approximations appropriate to interference filters, is derived and compared with experimental measurements.
Since in the following discussion the basic functions (and their equivalents) previously usedl 2 again apply they will be restated here:
A(x) = (1 -R 2 )[27r(1 -2R cosx + R
2 )]-' (la) = (2r)-1 + 2 R' cosnx) (lb)
G(x)= (Gw1/2 )-I exp[-(xG-) 2 ], sinc(x) = (rx)-' sin(7rx) (6) 
F(x)= Ao(4 rf)-1f(xAo/47rf),

T(x)
(8) (9) where G = 2g[Ao(1n2)1/2]-1 g and f are the halfwidths at half-height (HWHH) of Eqs. (2) and (3), respectively, R is the reflectivity of the etalon, (x) is the Dirac delta function, Au is the nominal free spectral range or periodicity of the Fabry-Perot interferometer, and x is of the form 27ru/Au. The spectrometer function for the symmetrical case was found", 2 to be the convolution of the basic functions of Eqs. (1)-(4), i.e., where the coefficients b are associated with the width and height (transmission) of the function, and dn is a displacement from an arbitrary reference. In the symmetric case dn is normally set to zero. In the following analysis the requirement of unit area functions will be continued in order to preserve the mode of the earlier derivations.
For the general case of the spectrometer under consideration here, the etalon function is convolved with an exploring diaphragm r(x) of variable position and size and with nonzero transmission values between arbitrary lower and upper limits xl and x>, thus In order to investigate the effects of the size and location of the exploring diaphragm in Eq. (12) , it is necessary to examine the form of the function r(x) and its associated integrals An and Bn. A function that can be analytically treated is an annulus of inner radius xl and outer radius x>, that is,
If we consider that xu = xl + Ax, then introducing the values of An and Bn with the new definition of xu, into Eq. (12) and some algebraic manipulation, we obtain
In order to illustrate fully the effect of the variables, consider the case where x 1 = x, -Ax/2 and xu = xc + Ax/2, and after replacing into Eq. (14) we obtain
Equations (14) and (14a) show that the changes in width and height of the function are dependent only on the width of the annulus, while Eq. (14a) shows that with the proper choice of the variables, the shift is only proportional to the location of the center of the annulus. Equation (14) 7 Of course this is no different than tilting an interference filter in order to scan the spectrum. 4 The problem reduces to the scanning of a nonlinear scale fringe pattern with a fixed size aperture, which we will consider to be circular in shape, as shown in Fig. 1 . Be- cause of the inherent circular symmetry of the fringe pattern, the algebraic expression for the function r(x) describing the displaced circular aperture is best treated in polar coordinates as the equation of a circle of radius R whose center is displaced by a units from the origin (all units in radians), thus
By definition the useful values of p extend from (a -R) [or zero if (a -R) < 0] to (a + R), since the transmission is zero outside this range, thus the angle 0 is a measure of the transmission within the scanning aperture as shown in Fig. 1 . The angle 0 described by P1 encompasses a full circle, thus defining maximum transmission at frequency a, while at 2 the angle described by P2 is less than a full circle, thus of transmission less than maximum. Because of the symmetry shown in Fig. 1 , it is only necessary to consider the upper plane of the figure to define transmission (with unity as maximum value) as
The value of the argument of the inverse cosine is defined 8 to lie between +1 and -1, but it is possible to obtain values for the argument of Eq. (16) that lie outside this range, thus the physical significance of these values must be ascertained. The first example is given in Fig. 1 for P1, where the value of the argument of Eq. (16) is less than -1. From this example it can be generalized that negative values of the argument with absolute value greater than unity encompass a complete fringe at some associated a, thus unity transmission. The second example is when the value of p is such that it is outside the circular aperture at all points, such as p3 in Fig. 1 , where the argument is larger than unity, but by definition the transmission outside the aperture is equal to zero. Calling the argument z, the transmission function with the argument as the variable is then given by
This transmission expression can then be referred back to the original variable x by replacing p in the argument z with p = cos'1[(2 -m)/(2,rm + x)], where m is the interference order number. An example of the transmission profiles obtained from Eq.
(17) is shown in Fig. 2 for a circular aperture 0.0349-.
rad radius (2°) whose center has been shifted away from the fringe axis in 0.05236-rad (30) steps. Note that the curves have been normalized to equal area, and the abscissa has been normalized to an arbitrary reference frequency. The figure clearly shows the increased coverage of the aperture as it moves away from the axis. At this point it is possible to discern the basic difference between the (symmetrical) annulus solution and the displaced circular aperture, namely, as the aperture shifts away from the axis of the fringes it will be distorted in the x coordinate by the nonlinear relationship between p and x (which is given approximately by x = 2 r mp 2 /2). Thus in the x scale an off-axis aperture will have unequal transmission profiles about the aperture center, thus leading to inherent asymmetry in the obtained profiles.
The solution for a displaced annulus is quite similar to that of the displaced aperture, if the annulus is considered to be the difference between two axially offset circular apertures with common origin and different diameters. Apertures with other than circular shapes can be derived just as easily.
With a function for the transmission of the displaced circular aperture, duly normalized to unit area, it is now possible to evaluate the coefficients An and B which can then be inserted in Eq. (12) . However, the integrals leading to An and Bn apparently are not analytically integrable (except the naive case when a = 0 that has been solved in Eq. (14) and (14a)), and have been evaluated numerically. An example of the calculations (Fig. 3) shows the effect of an offset aperture in the Jacquinot and Dufour 3 spectrometer, relative to a perfectly centered aperture. The instrumental parameters are for an etalon with R = 0.901, free spectral range of 250 millikaysers (mK) for a line at 17924.701 K, atomic mass of 16, and a kinetic temperature of 200 K, i.e., conditions suitable for a kinetic temperature determination of the so-called green line of the night sky. 9 The value of f, or radius of the scanning aperture, is 22.5 mK, and the aperture center has been displaced from the fringe axis as marked in the figure.
For small displacements of the aperture a small broadening of the profile occurs with its associated transmission loss, which may not be noticed as being instrumentally caused, thus leading to erroneously higher temperature being determined from the profile. At large displacements the most noticeable effect is the obvious asymmetry, which should cast tive spacer index of refraction of 2. The filter can be considered to be represented by the perfect etalon function [cf. Eq. (la)], however, in practice microscopic surface defects limit the effective finesse of the filter, thus the function that best represents the filter should be a Gaussian profile characteristic of microscopic surface defects, which is expressed as A practical filter would likely be an intermediate case of the limiting functions described, therefore, both perfect etalon and microscopic surface cases will be treated, and the FWHH of both functions has been set equal. The particular filter under consideration is a 20-K wide filter centered at 15,867 K. Figure 5 shows the effects of tilting the perfect etalon filter at arbitrarily selected fields of view, with the tilting being done in 0.0524-rad (3°) steps starting from the optical axis, while Fig. 6 shows the same effects for the microscopic surface defects limited filter. The abscissa in the two figures has been normalized to the filter center frequency, and the ordinate to the unconvolved filter profile, thus generalizing the problem. The asymmetrical behavior of the scanning aperture (cf. Fig. 2 ) becomes quite obvious at the larger fields of view where the filter width increases with increasing tilt, thus this latter effect is a natural consequence of the effective aperture broadening as the nonlinear fringe scale is scanned as shown in Fig. 2 .
As expected from the theory of convolutions, the Gaussian profile is slightly less broadened than the perfect etalon profile because of the former smaller shows the comparison between experimental and calculated shift as the filter is being tilted. The square root of the shift has been plotted in order to space evenly the points. The agreement between measured and calculated values is excellent, showing incidentally that the filter is indeed first order, and the spacer must be made of zinc sulfide. Figure 8(b) is the comparison for the relative peak transmission, and again the agreement is excellent, and it should be noted that the difference in transmission between the two limiting filter functions used in the calculations is small. And finally Fig. 8(c) has the comparison of relative broadening for the filter measured at the FWHH, where the small and significant differences between the assumed functions used to represent the filter become noticeable, and the microscopic surface defects function is a better representation of the actual filter, as has been found by others. 
In order to make the analysis simpler we will label 
The next approximation to be made is to assume that
a displaced aperture is sufficiently small, such that 2° for practical purposes it can be considered to be a *° . 8 A section of an annulus, therefore, we should be able to
replace the aperture solution for the annulus solu- The latter equation shows a smaller broadening effect on the microscopic surface defect function, compared with the perfect etalon function, by the scanning aperture which has also been shown in Fig. 8(c) .
o ' '510 However, because of the approximations involved in 0 5 I10 5 the derivations it should suffice to say that the (Shift)caic Kbroadening effect of the Gaussian model is less than for the perfect etalon, and therefore a factor k will be included thereafter to allow for the different possible ~~~~~~~~~(b) fined to be E 0.6- The result found in Eq. (27) has been found theoretically" and experimentally, 6 and it should be -E 3 /pointed out that within the approximations carried here the effects of the tilt and field of view are inde-/ pendent, thus for a fixed field of view the square of (_) Athe angle relationship should be followed regardless of whether the unconvolved filter or the untilted fil-3 2 ~ //ter displacement is used as a reference point. Re-02 // placing the value of Ay of Eq. (26a) into Eqs. (23a) and (24a) and knowing that o is equal to 27rmau/Ao, where a is the FWHH of the filter, m is the order of the filter, and is the center frequency of the filter, and after some reordering of terms, we obtain the ex- Relative Width (Calculated) where the ratio of the center frequency to the FWHH can be directly replaced to be the ratio of the center wavelength to the FWHH in the same units. In order finally to convert the angles 0 are 0 at the spacer to angles in air as interference filters and normally used, we make use of Snell's law and further simplify by assuming that for small arguments of the sine the value is given by the argument, and the right-hand side of Eqs. (23c) and (24c) becomes
where n is the index of refraction of the spacer, and 0 and 0 are now given in air. The value of n can be directly determined from the filter as the inverse ratio of the arc cosine of the fractional displacement divided by the angle in air (tilt) required to obtain that displacement, or more correctly
The dependence of both transmission and width on the filter's unconvolved width, center frequency, order, and index of refraction can be altogether removed, since these are all measurable parameters, such that filters of widely differing widths and center frequencies can be treated together. Figure 9 shows the transmission and broadening properties of a number of filters spanning the visible spectrum, as well as the values obtained from the calculations of This finding is not surprising since in order to manufacture a narrow bandwidth filter as this and still have good transmission properties, a low finesse and a higher order are almost a requisite. The agreement found between the approximate theory and the experimental measurements is surprisingly good considering all the approximations involved. Figure  9 (b) shows that the perfect etalon model is not as suitable as the microscopic surface defect model as indeed it is found in practice.' 2 The main properties of interference filters derived from Eq. (28) and (29) are (1) the wider the filter the smaller will be the effects of tilt and field of view, (2) two filters alike in all respects, except for different index of refraction spacers, behave equally for a given frequency shift, and (3) higher order filters are better behaved than single order filters of the same width, since the higher order filter is in effect a broader filter [cf. (1) above] given by the product of order times width. In conclusion a model that predicts the behavior of interference filters has been developed, and a relatively uncomplicated approximation to this model has been derived.
The ability to calculate quantitatively the behavior of a Fabry-Perot spectrometer away from the fringe axis in other than the symmetric mode allows the use of memory devices, like an SEC tube, to take full advantage of the flux entering the instrument as well as to scan the spectrum information already contained in the fringes instead of varying the spacer separation (optically or mechanically). This possibility allows the use of solid etalons that would be as easy to use as interference filters in rough environments. 6 The author thanks R. H. Eather for the information on the 20,549-K filter, J. P. Turtle for his help in the development of the device used to measure the filters, and C. Love for programming assistance. 
